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Abstract. We show that, given a set E C R n+1 with finite n- 
Hausdorff measure W n , if the n-dimensional Riesz transform 

R n n lE f(x)= f | X ~t +l f{y)dH n {y) 
Je\x- y\ n+1 

is bounded in L 2 (H n [E), then E is n-rectifiable. From this result 
we deduce that a compact set E C with H n (E) < oo is 

removable for Lipschitz harmonic functions if and only if it is purely 
n-unrectifiable, thus proving the analog of Vitushkin's conjecture 
in higher dimensions. 



1. Introduction 

In this paper we prove that, given a set E C M n+1 with finite n- 
Hausdorff measure 7i n , if the n-dimensional Riesz transform is bounded 
in L 2 with respect to 7i n \_E, then E is n-rectifiable. Combined with 
results from |Vo] , it implies that the purely n-unrectifiable compact sets 
with finite n-Hausdorff measure are removable for Lipschitz harmonic 
functions. 

To state our results in more detail, we need to introduce some nota- 
tion. Given a (complex) Borel measure v in R n+1 such that 

1.1) / M$. <oo. 



/ - 

JR"+! (1 



+ M) r 

the n-dimensional Riesz transform of v is defined by 

/x — y 
] w dv (y\ 
\x — y\ + 

for every x G M™ +1 where the integral makes sense. Notice that the 
kernel inside the integral is vectorial. 
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Since the preceding integral may fail to be absolutely convergent 
for many points x G IR n+1 , it is convenient to consider an e-truncated 
version, for e > 0: 



Given a non-negative measure a and / G Lj oc (fi) such that v = ffi 
satisfies (jl.ip . we set R^f^x) = R(f fJL)(x) and R^ e f(x) = R e (f /i)(x). 
We say that R^ is bounded in L 2 («) if the truncated operators R^ e are 
bounded in L 2 (fi) uniformly on e > 0. 

A set E C M. n+1 is called n-rectifiable if it is contained in a countable 
union of C 1 -manifolds up to a set of zero l-i n measure. On the other 
hand, E is called purely unrectifiable it does not have any rectifiable 
subset with positive n-Hausdorff measure. 

Our first result in this paper is the following. 

Theorem 1.1. Let E C R n+1 be a set such that U n {E) < oo. If R h -[e 
is bounded in L 2 ('H n \_E), then E is n-rectifiable. 

Let us remark that the case n — 1 of this theorem has already been 
known. Indeed, the 1-dimensional Riesz transform and the Cauchy 
transform coincide modulo a conjugation. So the L 2 (fi) boundedness 
of Rfj_ for any non-atomic measure \x implies that the curvature of \x is 
finite, i.e., 



where R(x, y, z) stands for the radius of the circumference passing 
through x,y,z (see |Mej and |MeVj ) . It remains to refer to the re- 
sult of David and Leger (see [Le]) who showed that if ^(E) < oo and 
c 2 (7i 1 [E) < oo, then E is 1-rectifiable. 

In the higher dimensional setting, Theorem 11.11 was an open problem 
(see \Pa2\ p. 114], for example). The main reason is that the curva- 
ture method is not available because for n > 1, there is no relationship 
between the n-dimensional Riesz transform and any notion as useful 
as curvature. However, some partial results were known. For exam- 
ple, in |Tolj it was shown that the existence of the principal values 
lim e ^ R e ('H n \_E)(x) for ^ n -a.e. x G E implies the n-rectifiability of E 
(see also |MPr] for a previous result under somewhat stronger assump- 
tions). On the other hand, from some new results in [E NV] it follows 
that the Riesz transform Ru™ie cannot be bounded in L 2 ('H n \_E) if E is 
a set with finite W 1 measure and vanishing lower n-dimensional density 



#"(£,%"[£) = liminf r _^~ n ?r(£(:r^) n E) for % n -a.e x G E. 
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Very recently, the proof of the of the so called David-Semmes con- 
jecture in the codimension 1 case was completed. The conjecture fol- 
lows from the results of our new paper [NToVj and deep results by 
David and Semmes in [DSJ. The assertion is that if l-L n \E C R™ +1 is 
Ahlfors-David regular, and Ru n [E is bounded in L 2 (7i n [E), then E 
is uniformly n-rectifiable and thus, in particular, n-rectifiable. Recall 
that a measure \i is called Ahlfors-David (AD) regular if there exists 
some constant c such that 

c~V n < fi(r\B(x, r)) < cr n for all x G E, r > . 

A nice covering theorem due to Pajot [Palj will allow us to reduce 
Theorem 1 1.1 1 to the combination of this result with the one from [EN Vj . 

Let us remark that we do not know if Theorem 11.11 can be extended 
to codimensions higher than 1, that is, to the n- dimensional Riesz 
transform and sets E C R d with < H n (E) < oo, d > n + 1. This 
is due to the fact that the corresponding analogs of the results from 
[NToV] and |ENV] are also open in this case. 

Theorem 11.11 has a corollary regarding the removability of singular- 
ities for Lipschitz harmonic functions. Recall that a subset E C M™ +1 
is removable for Lipschitz harmonic functions if, for each open set 
Q C lR n+1 , every Lipschitz function / : fi — > R that is harmonic in 
fl \ E is harmonic in the whole Q. By combining Theorem 11.11 with the 
results on the Lipschitz harmonic capacity from [Voj . one gets the proof 
of the following analog of Vitushkin's conjecture in higher dimensions. 

Theorem 1.2. Let E C IR n+1 be a compact set such that ?i n (E) < oo. 
Then, E is removable for Lipschitz harmonic functions in IR n+1 if and 
only if E is purely n-unrectifiable. 

Again, this theorem was already known in the case n — 1. It was 
proved by David and Mattila in [DMJ. The analogous result for the 
removable singularities for bounded analytic functions is the celebrated 
solution of Vitushkin's conjecture by David [Da2j. It is also worth 
mentioning that in |NTrV2] . a Tb type theorem suitable to prove the 
analytic part of Vitushkin's conjecture was obtained very shortly after 
David's proof. The arguments in [NTrV2] also work in the case n > 1 
and are an essential tool in the work |Voj about Lipschitz harmonic 
capacity. 
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2. The main lemma 

2.1. Statement of the Main Lemma. We say that a Borel measure 
H in M. d has growth of degree n if there exists some constant c such that 

ji(B(x,r)) < cr n for all x G R d , r > 0. 

We define the upper and lower n- dimensional densities by 

6 n '*(x,iJ,) = lim sup r" n /i (5 (x, r)) and 6>"(x,/i) = liminf r~ n fi(B(x, r)), 
r^o r - s>0 

respectively 

If and a are Borel measures on M. d , the notation /i < a means that 
/i(A) < a(A) for all Borel sets A C M d . 

Lemma 2.1 (Main Lemma). Let fi be a compactly supported finite 
Borel measure in IR d with growth of degree n such that 6™(x, /i) > for 
fi-a.e. x G M d . Suppose that is bounded in L 2 ({x). Then there are 
finite Borel measures /i^, k > 1, such that 

(a) fi < J2 k >i^k 

(b) fik is AD -regular for each k > 1 (with the AD -regularity con- 
stant depending on k ), and 

(c) for each k > 1, is bounded in L 2 (/^.). 

Before proving the Main Lemma, we will show how it allows one to 
reduce Theorem II .11 to the results in |ENVj and [N ToVj . 

As usual in harmonic analysis, the letter c stands for some fixed 
constant (quite often an absolute constant), which may change its value 
at different occurrences. On the other hand, constants with subscripts, 
such as ci, are assumed to keep their values in the whole paper. 

2.2. Proof of Theorem 11.11 using the Main Lemma 12.11 It is 

immediate to check that to prove the theorem, we may assume E to 
be bounded. So let E C R" +1 be a bounded set with U n {E) < oo. Set 
H = T-L n [E, and suppose that R^ is bounded in L 2 (n). 

Let E be the subset of those x G E for which 9™(x, //) = 0. We set 

Ho = h[E . 

Then, 

0*0, /V) < O n '*(x,fx) = for /io-a.e. x G R" +1 , 
and, moreover, R po is bounded in L 2 (/z ). Then, by the main theorem 
of [ENVj (applied to the codimension 1 case) we deduce that /x = 0. 
That is, 

6*(x, h) > for /i-a.e. x G R n+1 . 
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So the measure fi satisfies the assumptions of Main Lemma I2.1[ and 
thus we may consider measures as in the statement of the Main 
Lemma. 

By the results of [NToVj and |DS] . supp is n-rectifiable. Therefore, 

F = (J SUpp yUfc 

k>l 

is also n-rectifiable. Since 

-H n (E \ F) = fi(R n+l \F)<J2 »k(^ d \F) = 0, 

k 

we infer that E is n-rectifiable too. 

3. Proof of the Main Lemma 12.11 

For the proof of the Main Lemma 12.11 we will need the following 
proposition. 

Proposition 3.1. Let fi and a be Borel measures with growth of degree 
n in W 1 such that is bounded in L 2 (n) and R a is bounded in L 2 (o~). 
Then, R^+a is bounded in L 2 (fi + a). 

Proof. The boundedness of R^ in L 2 (n) implies the boundedness of R 
from the space of real measures M(K. d ) into L 1,OQ (fi). In other words, 
the following inequality holds for any v G M(M. d ) uniformly on e > 0: 

H{x E R d : \R E v{x)\ > A} < c^l for all A > 0. 

A 

For the proof, see Theorem 9.1 of [NTrVlj . Analogously, the same 
bound holds with \x replaced by a. As a consequence, we infer that for 
all A > 0, 

(n + a){x G R d : \R € u(x)\ > A} < c^. 

A 

That is, R is bounded from M(M. d ) into + a). In particular, 

Rfi+cr is of weak type (1, 1) with respect to fi + a. This implies that 
R^ +a is bounded in L 2 (/i + a). For the proof, based on interpolation, 
see Theorem 10.1 of [NTrVlj (an alternative argument based on a good 
lambda inequality can be also found in Chapter 2 of the book |To2j ) . 

□ 

Let us remark that the preceding proposition and its proof remain 
valid for more general Calderon-Zygmund operators. However, we will 
need it only for the Riesz transforms. 
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In the proof of the Main Lemma 12.11 it will be convenient to work 
with an e-regularized version R p E of the Riesz transform R^. We set 

R^,ef{x)= / T , -——f(y)dfi(y). 

J max(|x — y\, e) n+1 

It is easy to check that 

\R^f(x) - R^ £ f(x)\ < cMJ(x) for all x G R d , 

where c is independent of e and is the centered maximal Hardy- 
Littlewood operator with respect to \i: 

M ll j{x) = sup — — - — -- / \f\dfM. 

r> (l{B[X,r)) J B (x,r) 

Since M M is bounded in L 2 (fi), it turns out that R^ is bounded in 
L 2 (n) if and only if the operators R^ e are bounded in L 2 (/i) uniformly 
on e > 0. The advantage of R^ e over R Py£ is that the kernel 

K (x) = - 

£K ' max(|x|,e) n+1 

satisfies the smoothness condition 

|V^)l<^pr 

(with c independent of e), which implies that K £ (x — y) is a Calderon- 
Zygmund kernel (with constants independent of e), unlike the kernel 
of R^ £ - 

Proof of the Main Lemma 12.11 We follow an idea of H. Pajot (see 
Theorem 10 of |Pa2j ). where some measures /i^ satisfying (a) and (b) 
are constructed. For the reader's convenience, we will repeat the argu- 
ments of the construction and of the proof of (b), and subsequently we 
will show that the statement (c) holds. 

Consider the subset F C supp \i of those x G M d for which 9™(x, jj) > 
0, so that fi(M. d \ F) = 0. For positive integers p, s, we denote 

F p = ja; G F : for < r < D, /i(B(x, r)) > ± r n | , 

F p , s = [x G F p : for < r < D, (i{F p n B{x,r)) > ^r™} , 

where D = diam(supp /i). From the definitions of F and F p , it is clear 
that 

F={jF p . 

P >i 
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Also, 6™(x,/j,) = 9™(x, (J>[F P ) for /i-a.e. x <E F p by the Lebesgue differ- 
entiation theorem, and thus 

h(f p \{Jf p ^=o. 

S>1 

So we have 

p,s>l 

The strategy of the construction consists in adding a measure a PtS to 
each n\_F PyS so that the resulting measure is AD-regular, for each p, s. 

It is easy to check that all the sets F p and F PyS are compact. Fix p, s 
and denote 

1 

To 

Notice that d(y) > if x F PtS , as F PtS is closed. Now we cover 
F p \ F PjS by a family of balls of the form B(x, d(x)) ) with x £ F p \ F P:S , 
using Besicovitch's covering theorem. So there exists a family of points 
H p s C F p \ F PtS , at most countable, such that 

Fp\F PiS C |J B(x,d(x)), 

and 

E X B(x,d(x)) - ■ 
x £ Hp ; s 

Moreover, we can split = \J^=iH % so that for each i, the balls 
from {B(x,d(x))} xe H}, s are pairwise disjoint. Here C^Nd are some 
constants depending on d only. 

To define a PjS , for each x G H p s we consider an arbitrary n-plane H x 
containing x and set P x = U x D -B(x, Then we define 

<r P , s = ?T|n p , s + E ^"L p - 

where U PtS is an arbitrary n-plane in M. d intersecting F PtS . We set 
We also denote 

so that fT PjS = "H n |TI + Xlili °p,s- We will show now that u PiS is AD- 
regular. 
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Upper AD-regularity of /i P)S . We have to show that // PiS has 
growth of degree n. Since /jl[F PjS and "H n |TI have growth of degree n, 
it is enough to show that so does a l ps , for each i — 1, . . . , N d . 

We set r(x) = \ d[x) for x G H % . So a p is a measure supported on 
the union of the closed balls 

(3.1) B x := B{x, rix)) = B(x, X - d(x)), x G H^, 

coinciding with V, n [P x inside B x . Notice also that the balls 2B X1 x G 
Hp are pairwise disjoint. 

Let A be some fixed closed ball of radius r(A). Let H a be the subset 
of points x G H l such that B x n A ^ and 2r(A) < r(x), and 
let H b C if* be the subset of points such that B x n A 7^ and 
2r(A) > r(x). We have 

^(A) = ^ H n (P x n A) + ]T 7T(P X n A), 

xeH a x£H b 

It is immediate that for x E H a we have A C 2B X . Thus, since the 
balls 2B X are pairwise disjoint, H a contains at most one point z, and 

so, 

K n {Px n A) = ?T(P 2 n A) < cr(A) n . 

On the other hand, for x G H b , we have B x C 5A. Recall also that, 
since Bj is centered at some point from F p , 

(3.2) n{B x )>-r{x) n 

V 

(recall that r(x) = \d{x) < D because d(x) is the distance between 
two points in supp /i). As a consequence, 

K n (P x nA) < c r ( x T <cpJ2 ^ B *) ^ c pM 5A ) < cpr(A) n , 

x£H b x£H b x£H b 

by the growth of degree n of \i. 

Lower AD-regularity of fi P:S . Consider an arbitrary closed ball A 
centered at supp/i PjS . Suppose first that it is centered at some point 
z G F ps . 

First we claim that if 2B X , x G H ps , intersects |A, then 2B X C A. 
Indeed, recalling that the function d(-) is ^-Lipschitz, we get 

10 d(x) = dist(ar, F PtS ) < \x - z\ < \ r(A) + 2r(x) = ]- r(A) + d(x). 
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Thus, 

r(2B x ) = 2r{x) = d{x) < ^r(A), 

which clearly implies that 2B X C A. 

From the claim above and the definition of /j, PjS we deduce that 

/ x p , s (A)>M^nA) + c- 1 £ r(x) n . 

Since /x has growth of degree n, and since 

|J 2B X DF p n^A\ F p>s , 

we derive 

fjL p>a (A) > fji(F p>9 n A) + c" 1 Yl »( 2B *) 

> /i(f p , s n - a) + C -V(^p n ^A \ f PjS ) > c~V(X n ^a). 

Since A is centered at some point from F PtS , 

provided that r(A) < 2D. On the other hand, if r(A) > 2D then 
dist(z, n PjS ) < D, and, thereby, 

/i P , s (A)>^( J B(/,^r(A))>cr(Ar, 

where z' is the nearest to z point of IT P)S . 

If A is centered on H PtS , the lower bound is trivial. 

Suppose now that A is centered at some point z G P x , for some 
x G H PyS . If r(A) < 40r(.B x ), from the lower AD-regularity of U n [P x 
we infer that //(A) > c _1 r(A) n . Assume now that r(A) > 40r(:r) = 
20d(x). In this case, by the definition of d(x), there exists some y G F PjS 
satisfying 

21 21 

1-2 — y\ < 1-2 — a; | + \x — y\ < r(x) + 10d(x) = — d(x) < — r(A). 
Thus, A contains the ball B(y, ^r(A)). Then, since 
»(B(y,±r(A)))>c-^ s r(Ar, 

we are done. 
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Boundedness of R^ s in L 2 (/i PiS ). Taking into account that R^if 
is bounded in L 2 (/z|_F PiS ), and that Rn n [n PlS is bounded in L 2 (7i n [H PjS ), 
it is enough to show that R apa is bounded in L 2 (a p J) for each i = 
1, . . . ,Nd- Then the repeated application of Proposition 13. II yields the 
result. 

To simplify notation, for fixed p, s, i, we denote a = a ps1 H = H l p s . 
Now we define 

v = 2j c x fi[B x , 

with c x = H n (P x )/ fi(B x ). Observe that the constants c x , x G H, are 
uniformly bounded by some constant depending on p, because of (13. 2p . 
and thus R v is bounded in L 2 (u). Further, u(B x ) = a(B x ) for each 
x G H. Recall also that, by construction both a and v are supported 
on the union of the balls B x ,x € H, and the double balls 2B X are 
pairwise disjoint. 

It is clear that, in a sense, v can be considered as an approximation 
of a (and conversely). To prove the boundedness of R a in L 2 (a), we will 
prove that i? CT)£ is bounded in L 2 (a) uniformly on e > by comparing it 
to R Vfi . First we need to introduce some local and non local operators: 
given z G [J xeH B x , we denote by B(z) the ball B x , x G H, that contains 
z. Then we write, for z G \J xxe n B x , 

R l Zf{z) = R u Mx B(z) )(z), K l ,J{z) = R»Mx^ m )(z)- 

We define analogously R ° c e f and R™ £ f '■ It is straightforward to check 
that R l ° c e is bounded in L 2 (u), and that R l ° c £ is bounded in L 2 (a), both 
uniformly on e (in other words, R°° is bounded in L 2 {y) and R l ° c is 
bounded in L 2 (a)). Indeed, 

iKefllW) = E \\x Bm R*Mx Bm )\\h(*) < = 4f\\l^), 

x£H x£H 

by the boundedness of the n-Riesz transforms on n-planes. Using the 
boundedness of R u in L 2 {y\ one derives the L 2 {y) boundedness of R l °% 
analogously. 

Boundedness of R™ 1 in L 2 (a). We must show that Rl£ is bounded 
in L 2 (a). Observe first that, since R™ l e = R Uj£ — R l ° £ , and both R ve and 
R l °\ are bounded in L 2 {y), it turns out that R™ 1 £ is bounded in L 2 {y) 
(all uniformly on e > 0). 
We will prove below that, for all / G L 2 (v) and g G L 2 (a) satisfying 

(3.3) / / dv = I g da for all x G H, 

J B x J B x 
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we have 

(3-4) I{f,g):= J \K]J ~ < £ <?| 2 d{u + a) < c (\\f\\ 2 L2[v) + y|| 2((j) ), 

uniformly on e. Let us see how the boundedness of R™ 1 in L 2 (a) follows 
from this estimate. As a preliminary step, we show that R™ 1 : L 2 (a) — > 
L 2 {y) is bounded. To this end, given g G L 2 (a), we consider a func- 
tion / G L 2 (v) satisfying (I3.3P that is constant on each ball Bj. It is 
straightforward to check that 

Wfh^) < \\g\\L\a)- 
Then from the L 2 (u) boundedness of R™ 1 and (13.41) . we obtain 

WR^MlHu) < \\R: l J\\ LHu) +I(f,g) 1/2 < c\\f\\ LHu) +c\\g\\ L 2 {a) < c\\g\\ LHa) , 

which proves that R!^ : L 2 (cr) — > L 2 {y) is bounded. 
Notice that R™ 1 is antisymmetric. Indeed, its kernel is 

z-y 
max(|z — y\,e) n+1 ' 

Then, by duality, we deduce that i?™' : L 2 {y) — > L 2 (a) is bounded. 
To prove now the L 2 (a) boundedness of R™ 1 , we consider an arbitrary 
function g G L 2 (a), and we construct / G L 2 {y) satisfying (13. 3 p which 
is constant in each ball B x . Again, we have ||/||l 2 (j/) < IMIl^o-)- 

Using the boundedness of R™ 1 : L 2 [y) — > L 2 {o) together with (13. 4p . 
we obtain 

WIsWl^o) < \\R n Jj\\ L ^)+I(f,g) 1/2 < c\\f\\ LHu) +c\\g\\ LH(7) < c\\g\\ L , {a) , 
as wished. 

It remains to prove that (13 .4p holds for / G L 2 (v) and g G L 2 (a) 
satisfying (13. 3p . For z G [j x€H B x , we have 

\K]J{*)-K l Az)\ < E 

x£H:z£B x 

where K £ (z) is the kernel of the e-regularized n-Riesz transform. By 
standard estimates, using (13.31) . the fact that the balls 2B X , x G H, are 



x€H 



! K £ (z-y)(f(y)du(y)-g(y)da(y)) , 

J B x 
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pairwise disjoint, and the smoothness of K e , it follows that 
K £ (z - y)(f(y) dv{y) - g(y) da(y)) 

(K £ (z -y)- K £ (z - x))(f(y) dv(y) - g(y) da{y)) 

l'>x 



B, 





x — 


y 




\x 


- y 


n+l 



^ c I i x _ y ^ (\f(y)\ My) + \g(y)\ Mv)) 

r(x) 



&st(B(z),B x ] 



n+l 



j (\f\du+\g\da). 

J B x 



Recall that B(z) stands for the ball B x ,x e H, that contains z. 
We consider the operators 

and T a is defined in the same way with v replaced by a. Observe that 
I(f,g)<c\\T u (\f\)+T a (\g\)\\ 2 L2{u+(T) 



< 4Tu{\f\)\\U V+ a) + 4Ta{\9\)\\h {v+a) 

2611^(1/1)11^+2^(1^1)11^), 



where, for the last equality, we took into account that both T u {\f\) and 
T a (\g\) are constant on each ball B x and that v{B x ) = a{B x ) for all 

xeH. 

To finish the proof of (13.41) it is enough to show that T v is bounded 
in L 2 (u) and T a in L 2 (a). We only deal with T u , since the arguments 
for T a are analogous. We argue by duality again. So we consider non- 
negative functions f,he L 2 (v). We have 

/ T M U * - / (j^ I / *) h(z) M*) 

J2r(x) fdu 1 h{z)dv(z). 

trt, Jb x J Rd \B x dist{z,B x ) n+1 



From the growth of degree n of v and the fact that the balls 2B X are 
disjoint, it follows easily that 
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for all y G B x , where M v stands for the (centered) maximal Hardy- 
Littlewood operator (with respect to v). Then we deduce that 

I Uf)hdu<J2 I /(y)M,%)d%);$imU>)IWU>), 

by the L 2 {y) boundedness of M v . Thus T u is bounded in L 2 {y). □ 

4. Proof of Theorem 11.21 

It is already known that if E C lR n+1 with U n {E) < oo is removable 
for Lipschitz harmonic functions, then it must be purely n-unrectifiable 
(sec [MPaJ). So we only have to show that if E is non removable, then it 
is not purely n-unrectifiable. The proof follows from Theorem 1 1 . 1 1 and 
results from |Voj . by standard arguments. However, for the reader's 
convenience we show all the details. 

Let E C M n+1 be a compact set such that U n {E) < oo. Suppose 
that it is not removable for Lipschitz harmonic functions. Then, by 
Theorem 2.2 from [Voj . there exists some measure /i supported on E 
with growth of degree n such that is bounded in L 2 {jj). 

The growth condition on /i implies that fi <C l-i n \_E. Indeed, let 
A C R™ +1 be a Borel set. Consider e > and any covering A G [J i A i 
with diamAj < e. For each z > 1, let JBj be a closed ball of radius equal 
to diam(Aj) centered at some point from Aj. Since A c[J i B iy we have 

»(A) < $>(£*) < coX>iam(A)" 

i i 

Taking the infimum over all the coverings |J j A^ as above, we obtain 

K A ) < c o H n {A) for any Borel set A C R d . 
As a consequence, 

(4.1) n(A) = n{A HE) < c U n {A n E) for any Borel set A C R d . 

That is, fi < H n [E. 

From the Radon-Nykodim theorem we infer that there exists some 
function g G L l (H n \E) such that \i = gU n \_E. In fact, from (jH]) and 
the Lebesgue differentiation theorem we deduce that \\g\\oo < Cq. Take 
77 > small enough so that 

F = {x G E : g(x) > 77} 

satisfies fi(F) > (and thus U n {F) > too). Since /i[F = gU n [F ', 
we have 

n n [F = g- 1 f i[F 
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As g -1 is bounded by ?7 _1 in F, we deduce that Ru n [F is bounded in 
L 2 {T-L n \_F). As a consequence, F is n-rectifiable, by Theorem ll.il That 
is, E is not purely n-unrectifiable. 
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